In this short note, we study the behaviour of the Lojasiewicz exponent under hyperplane sections and its relation to the order of tangency.
It is well known (see [4, 5] ) that any pair of (closed) analytic subsets X, Y ⊂ C m satisfies so-called Lojasiewicz regular separation property at any point of X ∩ Y . Precisely, for any x 0 ∈ X ∩ Y there are positive constants c, ν > 0 such that for some neighbourhood U ⊂ C m of x 0 we have
where ρ is a distance induced by any of the usual norms on C m . If furthermore x 0 ∈ X \ Y , then necessarily ν ≥ 1 and (1) is equivalent to
where c ′ > 0 and U ′ is a neighbourhood of x 0 . Actually, (1) and (2) are equivalent if ν ≥ 1 (see [1] ). The exponent ν satisfying the relation (1) for some U and c > 0 is called a regular separation exponent of X and Y at x 0 . The infimum of all regular separation exponents of X and Y at x 0 is called the Lojasiewicz exponent of X and Y at x 0 . It is denoted by L(X, Y ; x 0 ). This exponent is an interesting metric invariant of the pointed pair (X, Y ; x 0 ) and have been the subject of vast studies in analytic geometry (see, for instance, the references in [9] ). The goal of this note is to investigate the behaviour of the Lojasiewicz exponent under hyperplane sections. Precisely we show the following proposition. Proposition 1. Let X and Y be (closed) analytic subsets in C m , and let
The proof of this proposition is based on the following lemma. The proof of this lemma strongly relies on Mostowski's Lipschitz equisingularity theory of complex analytic sets introduced in [6] (see also [7, 8] ).
As an application of Proposition 1, we give (in Corollary 3) a lower bound for the Lojasiewicz exponent of two (closed) p-dimensional analytic submanifolds of C m at a given point of their intersection in terms of the order of tangency of these two submanifolds at this point -an invariant studied in [3] and recently in [2] .
Proof of Lemma 2. Without loss of generality, we may assume that x 0 is the origin 0 ∈ C m . So, throughout, we work in a small neighbourhood of 0. LetP m−1 denote the set of all hyperplanes of C m through 0, with its usual structure of manifold. The distance between two elements H, K ∈P m−1 is the angle (H, K) between them. Let
By Proposition 1.1 in [6] (see also [7, 8] ), in a neighbourhood 
such that, for any j, ℓ:
and the flows of v j preserve X . Now, let y 0 ∈ H 0 and let y 1 ∈ X be one of the closest points to y 0 , that is, ρ(y 0 , X) = |y 1 − y 0 |.
Choose H 1 ∈P m−1 such that y 1 ∈ H 1 and (H 0 , H 1 ) is as small as possible. If (H 1 , y 1 ) / ∈ U (i.e., if (H 0 , H 1 ) ≥ a), then
for y 0 small enough. Therefore, since 0 ∈ X ∩ H 0 , we have in this case:
as desired. So, we may assume that (H 1 , y 1 ) ∈ U. Let h 1 = (h 1 1 , . . . , h 1 m−1 ) be the coordinates of H 1 , and let v be the Lipschitz vector field onP m
of v starting at (H 1 , y 1 ). So, in particular, we have:
As the flows of the vector fields v j preserve X and since γ(0) ∈ X , the curve γ(t) lies in X . Moreover, since h j (t) = h 1 j (1 − t), we have h j (1) = 0 for all j, and hence x(1) lies in |w j,ℓ (γ(t))| dt
as desired.
Proof of Proposition 1. Again, let us assume that x 0 is the origin 0 ∈ C m . If ν is a regular separation exponent for X and Y at 0, then ν ≥ L(X, Y ; 0) ≥ 1, and by (2), for some c ′ > 0 we have
for all x ∈ X near 0. By Lemma 2, applied to X ∩ Y , there is a constant c > 0 such that for all x ∈ H 0 near 0 we have
Combined with (4), this gives
for all x ∈ X ∩ H 0 near 0, so that ν is a regular separation exponent for X ∩ H 0 and Y ∩ H 0 at 0 as desired.
Application of Proposition 1. Corollary 3 below provides a lower bound for the Lojasiewicz exponent L(X, Y ; x 0 ) of two (closed) p-dimensional analytic submanifolds X and Y of C m at x 0 ∈ X ∩ Y in terms of the order of tangency of X and Y at x 0 . Here, we say that X and Y have at x 0 the order of tangency at least k when there exist a neighbourhood U ∋ u 0 in C p and analytic parametrizations
when U ∋ u → u 0 . The order of tangency between X and Y at x 0 (denoted by s(X, Y ; x 0 )) is the supremum of the integers k such that the order of tangency between X and Y at x 0 is greater than or equal to k. For further details, see [2] .
Corollary 3. In the setting described above, if x 0 ∈ X \ Y , then
Remark. If x 0 / ∈ X \ Y , then ν = 0 or ν = 1 in (1), and in general, the above inequality is not true. Thus the inequality (6) holds true in this case.
The general case (i.e., dim X ∩ Y = n > 0) follows from the 0-dimensional case and Proposition 1. Indeed, take n general hyperplanes H 1 , . . . , H n in C m passing through x 0 , so that X ∩ Y ∩ H 1 ∩ · · · ∩ H n is an isolated intersection. Let s i (respectively, L i ) denote the order of tangency (respectively, the Lojasiewicz exponent) of X ∩ H 1 ∩ · · · ∩ H i and Y ∩ H 1 ∩ · · · ∩ H i at x 0 . Clearly, (5) implies s i ≤ s i+1 while Proposition 1 shows L i ≥ L i+1 . Thus the relation (6) follows from the inequality s n ≤ L n (0-dimensional case).
